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AN INTEGRAL EQUATION APPROACH TO THE PLASMA 
I 
SELF CONSISTENT FIELD PROBLEM 
BY 
Peter M. Livingston 
University of Wisconsin Theoretical Chemistry Institute 
Madison, Wisconsin 
ABSTRACT 
The self consistent field problem of a "collisionless", fully 
ionized, single component plasma is treated by means of a Green's 
- 
function technique. The latter describes the streaming motion of 
non-interacting electrons in a time dependent, homogeneous, applied 
electric field. A formal perturbation series solution to the 
Liouville equation, obtained by iteration, is then considered in 
the limit of large number and volume. For a problem time scale of the 
order of the inverse plasma frequency, only the terms in the 
perturbation series describing the collective interaction survive 
the limiting process, and therefore a time-reversible, hierarchy 
of integral equations is recovered for the various orders of 
distribution functions. The non-linear integral Vlassov equation 
follows from the first member of this hierarchy and a factorization 
assumption on the initial distribution functlon. 
An approximate solution to the Vlassov equation is developed 
in terms of the solutions to the linearized form of this equation. 
In these calculations, the Green's function has been simplified 
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by averaging it over a period of the external field. 
Finally, after defining the inverse dielectric function by the 
relationship between the "dressed" and "free" electron number 
densities, a correction term of order 
theory result is found. It is expected that this correction will 
be found useful in subsequent studies of  non-linear electrical 
behavior in plasmas. 
e2 to the usual linear 
- - - - -  
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An I n t e g r a l  Equation Approach t o  t h e  Plasma 
S e l f  Consis tent  F i e l d  Problem 
The c o l l e c t i v e  motion o f  ionized gases  has r ece ived  much 
a t t e n t i o n  i n  r e c e n t  yea r s ,  both on i t s  i n t r i n s i c  m e r i t  a s  a f a s c i n a t i n g  
a s p e c t  of matter, and from a u t i l i t a r i a n  s t a n d p o i n t ,  i n  a p p l i c a t i o n  
t o  v a r i o u s  plasma experiments.  During t h i s  pe r iod ,  a number of 
plasma k i n e t i c  t h e o r i e s  have been suggested,  and t h e i r  r e s u l t s  1,2,3 
app l i ed  w i t h  va ry ing  degrees of success  t o  t h e  l a r g e  body of 
experimental  d a t a  t h a t  now e x i s t s .  Both t h e  i n c l u s i o n  of d i s s i p a t i v e  
c o l l i s i o n a l  mechanisms and t h e  l ack  of a s o l u t i o n  t o  t h e  f u l l  s e l f -  
c o n s i s t e n t  f i e l d  problem have presented formidable b a r r i e r s  t o  
complete t h e o r e t i c a l  understanding of a f u l l y  ion ized  plasma. 
t h e  l i n e a r i z e d  s e l f - c o n s i s t e n t  f i e l d  problem, f i r s t  obtained by 
Vlassov i n  1938, has  provided great i n s i g h t  i n t o  t h e  gene ra t ion  
of plasma o s c i l l a t i o n s ,  and t h e  s t a b i l i t y  of plasmas w i t h  r e s p e c t  
t o  s m a l l  p e r t u r b a t i o n s .  It i s  upon t h i s  success  t h a t  f u r t h e r  
i n v e s t i g a t i o n  of t h e  f u l l  non-l inear  s e l f  c o n s i s t e n t  f i e l d  problem 





Three major r e s u l t s  a r e  developed i n  t h i s  paper .  The f i r s t  i s  
t h e  d e r i v a t i o n  of t he  f u l l ,  s e l f - c o n s i s t e n t  f i e l d  expres s ion  
(Vlassov equa t ion )  which desc r ibes  t h e  e v o l u t i o n  of t h e  s i n g l e t  
d i s t r i b u t i o n  func t ion .  The po in t  of a t t a c k  i s  based upon the  
6 
Green's f u n c t i o n  technique so  e l e g a n t l y  e x p l o i t e d  by Balescu.  
t h i s  approach, a formal s o l u t i o n  t o  t h e  L i o u v i l l e  equa t ion  i s  
developed i n  t h e  form of an i n f i n i t e  p e r t u r b a t i o n  series r emin i scen t  
I n  
2 
of s i m i l a r  series i n  t h e  quantum theory of s c a t t e r i n g .  With arguments 
on t h e  form of t h i s  s e r i e s  i n  t h e  l i m i t  of  l a r g e  conf in ing  volume and 
p a r t i c l e  number and a choice of t h e  i n i t i a l  d i s t r i b u t i o n ,  t h e  r e s u l t  
may be summed i n  c losed  form, By t h e  choice of t h e  r e p r e s e n t a t i o n ,  
however, we avoid t h e  use  of diagrammatic schemes t o  sum t h e  
p e r t u r b a t i o n  s e r i e s ,  and thus ,  (hope fu l ly )  p re se rve  some c l a r i t y  of 
t h e  development. It should be no ted ,  hovever ,  t h a t  t h e  e s s e n t i a l  
phys i ca l  arguments of the  d e r i v a t i o n  which l i m i t  the  v a l i d  time 
regime and t h e  cho ice  o f  i n i t i a l  func t ions  are i d e n t i c a l  w i t h  those 
6 
of Balescu. 
The second r e s u l t  i s  t h e  i n c l u s i o n  of a time dependent, 
e x t e r n a l l y  a p p l i e d  e l e c t r i c  f i e l d  i n  t h e  Green's f u n c t i o n ,  t h a t ,  
i n  a c e r t a i n  approximation, may be c a r r i e d  i n t o  the  s o l u t i o n  of t he  
p r  ob 1 em. 
F i n a l l y ,  t h e  t h i r d  r e s u l t  i s  a suggested approximate s o l u t i o n  
t o  t h e  f u l l  Vlassov equat ion.  This s o l u t i o n  i s  w r i t t e n  i n  t e r m s  of 
a c o r r e c t i o n  t o  the  s t anda rd  d i e l e c t r i c  f u n c t i o n  de r ived  from t h e  
well-known l i n e a r  Vlassov equa t ion .  
1. Der iva t ion  of t h e  I n t e g r a l  Vlassov Equation 
L e t  us consider  a plasma confined i n  a l a r g e  c u b i c a l  box of 
volume V.  This  plasma i s  i d e a l i z e d  as a completely ion ized  gas 
c o n s i s t i n g  of N f r e e  e l e c t r o n s  and a f i x e d  p o s i t i v e  n e u t r a l i z i n g  
background, a l l  i n  t h e  presence of an e x t e r n a l  e l e c t r i c  f i e l d ,  
We d e f i n e  the N p a r t i c l e  d i s t r i b u t i o n  f u n c t i o n  i n  t h e  u s u a l  
manner i n  the phase space of t h e  e l e c t r o n s  t o  be:  
E ( t ) .  
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i. bounded i n  v 
ii. p e r i o d i c  w i t h  p e r i o d  V1I3 i n  a l l  c o o r d i n a t e s  
iii. symmetric under interchange of phases 
i v .  normalized t o  u n i t y .  
The s e t  of lower order  d i s t r i b u t i o n  func t ions  are de f ined  as 
(N)  . c o n t r a c t i o n s  of f , 
The e v o l u t i o n  of f ( N )  i s  given by t h e  L i o u v i l l e  equa t ion :  
where MKS u n i t s  are used. 
The l a s t  equa t ion  has been w r i t t e n  wi th  t h e  s t reaming terms 
on t h e  l e f t  and t h e  Coulomb i n t e r a c t i o n  on t h e  r i g h t .  It i s  
convenient  t o  i n t r o d u c e  operator  n o t a t i o n  and write t h i s  i n  t h e  form; 
where L and L1 are i d e n t i f i e d  w i t h  t h e  s t reaming and s c a t t e r i n g  
o p e r a t o r s  on t h e  l e f t  and r i g h t  s i d e  of Eq. 1 r e s p e c t i v e l y ;  
t h e  "s t rength" of t h e  Coulomb r e p u l s i o n ,  
0 
F i s  
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and r e p r e s e n t s  t h e  se t  o f  phases ,  I x i ' v i j ,  i = 1, .... , N  . 
Lo 
The Green 's  func t ion  a s s o c i a t e d  w i t h  t h e  s t reaming ope ra to r ,  
i s  def ined as a bounded func t ion  o f  t h e  r e l a t i v e  v e l o c i t i e s  and 
p e r i o d i c  a s  p rev ious ly  descr ibed  f o r  t h e  N p a r t i c l e  d i s t r i b u t i o n  
func t ion .  It s a t i s f i e s  t h e  fo l lowing  equa t ion ;  
I n  a d d i t i o n  t h e  Green 's  func t ion  
p rope r ty ;  
d - 6ir-ti)&t-t'j 
s a-t i s f i e  s t h e  imp or  t a n t  causa 1 
(3 )  
@,t Iz;t',= 0 3 
The s o l u t i o n  t o  E q .  2 i s  obta ined  by an a p p l i c a t i o n  of Green 's  
theorem, and i s  w r i t t e n  i n  t e r m s  of t h e  a d j o i n t  Green 's  func t ion .  
The l a t t e r  q u a n t i t y  i s  the  s o l u t i o n  t o  a n  equa t ion  s imi la r  t o  E q .  3, 
b u t  w i t h  the  s t reaming opera tor  r ep laced  by i t s  a d j o i n t .  I n  add i t ion ,  
t h e  a d j o i n t  Green ' s  f u n c t i o n  i s  a n t i c a u s a l ,  and hence i s  a so -ca l l ed  
"advanced" s o l u t i o n  which r e l a t e s  even t s  t o  sources  b e f o r e  they  
happen. For t h i s  p a r t i c u l a r  case ,  t h e  a d j o i n t  ope ra to r  i s  simply 
t h e  nega t ive  of 
symmetric i n  t i m e ,  i s  equa l  t o  Lo(- t ) .  The boundary c o n d i t i o n s  
and a f u r t h e r  a p p l i c a t i o n  o f  Green's theorem show t h a t  t h e  a d j o i n t  
Green's func t ion  i s  s imply t h e  t ransposed  Green 's  f u n c t i o n  i t s e l f ,  
and thus  the s o l u t i o n  t o  Eq. 2 may be  w r i t t e n  down: 
o r  i f  t h e  e x t e r n a l  e l e c t r i c  f i e l d  i s  Lo 
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where t h e  r e c i p r o c a l  k e r n e l  
i n t e g r a l  equa t ion :  
K'-f[qt/<O)is de f ined  by t h e  fol lowing 
Eqs. 4 and 5 d e f i n e  a complete formal s o l u t i o n  t o  t h e  problem; 
however, i n  order  t h a t  t h e s e  r e s u l t s  may be used t o  o b t a i n  equa t ions  
f o r  t h e  lowest o rde r  d i s t r i b u t i o n  func t ions ,  w e  must i n t e g r a t e  
Eq. 4 over a l l  bu t  a few phases. Th i s  procedure r e q u i r e s  a 
knowledge of t h e  c o n t r a c t i o n s  of t h e  r e c i p r o c a l  k e r n e l ,  Eq. 5 and 
an  e x p l i c i t  form of t h e  streaming or  " f r ee  p a r t i c l e "  Green's func t ion ,  
de f ined  by Eq. 3. L e t  u s  examine t h e  l a t t e r  p o i n t .  
A s  i s  w e l l  known, t h e  s o l u t i o n  t o  t h e  s t reaming equa t ion :  
i s  any f u n c t i o n  y ( u , w , t , t ' ) ,  where 
and t h e  p r e c i s e  form of  y i s  determined by 
and t h e  boundary c o n d i t i o n s .  I n  p a r t i c u l a r ,  
s o l u t i o n  t o  Eq. 3 f o r  a s i n g l e  p a r t i c l e ,  has 
poif i t .  
t h e  i n i t i a l  c o n d i t i o n  
t h e  Green's f u n c t i o n  
7 t h e  form; 
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where i s  t h e  Heavyside func t ion .  Since t h e  s t reaming 
opera tor ,  by d e f i n i t i o n ,  does n o t  con ta in  i n t e r a c t i o n s  between 
p a r t i c l e s ,  i t  i s  clear t h a t  t h e  N p a r t i c l e  Green 's  f u n c t i o n  i s  
s imply a product  of  t h e  i n d i v i d u a l  one p a r t i c l e  func t ions .  Thus t h e  
i n t e g r a l s  o f  t h e  N p a r t i c l e  Green 's  func t ion  over N - s  p a r t i c l e  
phases  simply r e s u l t  i n  an s - p a r t i c l e  Green 's  func t ion .  
There i s  another  u s e f u l  p rope r ty  c f  imFortance i n  t h e  e v a l u a t i o n  
of  Eq. 4 .  Eq.  1 shows t h a t  t h e  Coulomb s c a t t e r i n g  ope ra to r  i s  a sum 
over a l l  p a i r s  of p a r t i c l e s .  L e t  us  denote  one o f  t h e s e  o p e r a t o r s  
a s  L . Now t h i s  q u a n t i t y  has  t h e  p rope r ty  t h a t  i f  i s  any 
f u n c t i o n  obeying t h e  boundary cond i t ions  on f ; 
P4 
(N ) 
where ''1, ,, k, ..., m i s  t h e  i n t e g r a t i o n  over i,j+,,,.,m 
r e s u l t  fol lows from t h e  v e l o c i t y  boundary cond i t ions  and t h e  form of  
L as a divergence i n  v e l o c i t i e s .  
phases .  Th i s  
Pq 
By a s t r a igh t - fo rward  c a l c u l a t i o n ,  u s ing  t h e  p r o p e r t i e s  
d i scussed  above, and t h e  d e f i n i t i o n  of a con t r ac t ed  d i s t r i b u t i o n  
func t ion ,  Eq. v , one may show t h a t  t h e  p a i r  d i s t r i b u t i o n  f u n c t i o n  
may be w r i t t e n  i n  t h e  form of t h e  fo l lowing  i n f i n i t e  se r ies ;  
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The n o t a t i o n  used i n  t h i s  equat ion i s  t h e  fol lowing:  
l a b e l  t h e  p a i r  of p a r t i c l e s ,  Roman l e t t e r s  a r e  dummy i n d i c e s ;  t h e  
Green's f u n c t i o n s  are w r i t t e n  i n  c o n t r a c t e d  form, and any i n t e g r a t i o n  
t o  t h e  immediate l e f t  of t h e  l a t t e r  i s  understood t o  o p e r a t e  on t h e  
second s e t  of i n d i c e s .  The p a i r  s c a t t e r i n g  ope ra to r  n o t a t i o n ,  
Labc. .  . d ; g  
Greek l e t t e r s  
symbolizes 
A similar  i n f i n i t e  s e r i e s  r e p r e s e n t a t i o n  f o r  f ( l )  i s  e a s i l y  
ob ta ined  i n  the  same manner. 
To t h i s  p o i n t ,  a l l  manipulat ions have been formal, and acne 
of t h e  in fo rma t ion  contained i n  Eqs. 4 and 5 has been l o s t .  
I n  p a r t i c u l a r ,  t h e  s e t  of N expansions f o r  a l l  of t h e  
d i s t r i b u t i o n  func t ions  i s  completely e q u i v a l e n t  t o  t h e  o r i g i n a l  
p a i r  of i n t e g r a l  equa t ions .  I n  f a c t ,  upon comparison of 
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t h e  va r ious  series expansions f o r  t h e  d i f f e r e n t  d i s t r i b u t i o n  func t ions ,  
one e a s i l y  r ecove r s  t h e  BBGKY h i e r a r c h y  equat ions.  
one f ind  t h a t  
8 
I n  p a r t i c u l a r ,  
This  r e s u l t ,  of course:  a l s o  fo l lows  froin a s t r a i g h t f o r w a r d  p a r t i a l  
i n t e g r a t i o n  of t h e  L i o u v i l l e  equa t ion .  
Information l o s s  and-ttte e v e n t u a l  summation of t h e  p e r t u r b a t i o n  
series r e p r e s e n t a t i o n  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n s  fol low from 
cons ide ra t ion  of t h e  l i m i t  N + &  , V + o u  , N / V  = n, and from 
a s ta tement  on the  form of the d i s t r i b u t i o n  f u n c t i o n  a t  t = 0. 
Examination of Eq.  8 shows t h a t  each c o e f f i c i e n t  of 
of a s e r i e s  of terms con ta in ing  no sums over dummy p a r t i c l e s ,  one 
sum, two sums, e t c . ,  up t o  t h e  o rde r  p . Each sum i s  of o rde r  N, 
and thus  the only c o n t r i b u t i o n  t o  t h e  c o e f f i c i e n t  of f 
t h e  l i m i t i n g  p rocess  i s  t h e  one term w i t h  t h e  maximum number of sums. 
Af t e r  r e p l a c i n g  t h e  sums by N minus t h e  number of excluded dummy 
p a r t i c l e s ,  t h e  remaining i n f i n i t e  s e r i e s  now r e p r e s e n t s  t h e  con- 
t r i b u t i o n  t o  the d i s t r i b u t i o n  f u n c t i o n  from t h e  c o l l e c t i v e  i n t e r -  
a c t i o n ,  and i s  t h e  dominant e f f e c t  i n  a d i l u t e  plasma. The v a l i d i t y  
of t h e  l i m i t i n g  procedure does depend on t h e  t i m e  scale however; 
i n  p a r t i c u l a r  i t  i s  v a l i d  f o r  t i m e s  s h o r t  w i th  r e s p e c t  t o  a hydro- 
dynamic time s c a l e .  
c o r r e l a t i o n s  are not  accounted f o r ,  as they  c o n t r i b u t e  on ly  t o  t h e  
p e r t u r b a t i o n  s e r i e s  a t  l a t e r  t i m e s  and are l o s t  i n  t h e  l i m i t i n g  
cons i s  t s F' 
t h a t  s u r v i v e s  
Terms which g ive  t h e  growth and decay of 
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procedure.  
L e t  u s  d i g r e s s  b r i e f l y  on the  matter of t i m e  s c a l e s .  The 
c o l l e c t i v e  motion of a plasma i s  a s s o c i a t e d  w i t h  a c h a r a c t e r i s t i c  
time made up of t h e  c o n s t a n t s ;  t h e  e l e c t r o n  mass, t h e  number d e n s i t y  
and t h e  square o f  t h e  charge.  The time, which i s  t h e  pe r iod  of  t he  
l o n g i t u d i n a l  o s c i l l a t i o n s  of t h e  e l e c t r o n s  a g a i n s t  t h e  f i x e d  ion  
background i s  
I /  
On t h e  o the r  hand, t h e  c h a r a c t e r i s t i c  d i f f u s i o n  (or hydrodynamic) 
time f o r  e l e c t r o n s  execu t ing  Brownian motion i n  a p o s i t i v e  i o n  
l a t t i c e  i s  
Now, from t h e s e  two time sca l e s ,  we may d e f i n e  t h e  plasma temperature  
and mean number d e n s i t y  such t h a t  t h e  o r d e r i n g  
ho lds  which, i n  t u r n ,  imp l i e s  t h a t  
where 
i s  t h e  c h a r a c t e r i s t i c  l eng th  (Debye l eng th )  for  s e p a r a t i o n  of  t h e  
e l e c t r o n s  from t h e  ion  background. 
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3 The dimensionless c l u s t e r ,  l / n  2 ,  i s  t h e  convent ional  plasma 
coupling parameter and corresponds t o  i n  a dimensionless  theory.  
Since we.assume t h e  o r d e r i n g  given above as d e f i n i n g  t h e  mean s t a t e  
o f  our plasma, we s h a l l  a l s o  consider  
even though i n  a t r u e  sense t h i s  i s  meaningless.  
t o  be a " s m a l l "  parameter,  1 
We n o t e  a l s o  t h a t  
i s  the only parameter e x p l i c i t l y  appearing i n  our t r ea tmen t ,  
which again i s  a r e s u l t  of t he  choice of t h e  p a r t i c u l a r  p e r t u r b a t i o n  
t reatment .  
The growth and 'decay of n a t u r a l l y  o c c u r r i n g  c o r r e l a t i o n s  du r ing  
t h e  evo lu t ion  of a plasma from i t s  i n i t i a l  s t a t e  g r a d u a l l y  
o b l i t e r a t e s  t he  "memory" of t h i s  s t a t e ,  and determines t h e  plasma's 
i r r e v e r s i b l e  behavior .  A d e s c r i p t i o n  of t h e  plasma i s  simple only 
a t  t imes be fo re  c o r r e l a t i o n s  have developed or changed; or  when a 
gas i s  very near e q u i l i b r i u m  and the  c o r r e l a t i o n  p a t t e r n  i s  changing 
ve ry  slowly. I n  t h e  p r e s e n t  t reatment ,  we consider  t he  former case.  
Th i s  a n a l y s i s  t hen  l e a d s  t o  t i m e  r e v e r s i b l e  equa t ions  which do no t  
approach equ i l ib r ium.  A t  most such a d e s c r i p t i o n  g ives  the  
streaming of e l e c t r o n s  i n  an  e x t e r n a l  and s e l f  c o n s i s t e n t  f i e l d .  
I n  f a c t ,  our p e r t u r b a t i o n  series may be i n t e r p r e t e d  as t h e  
p e r t u r b a t i o n  of t h e  s t reaming t r a j e c t o r i e s  of e l e c t r o n s  i n  an 
a p p l i e d  f i e l d  due t o  the  s e l f  c o n s i s t e n t  c o n t r i b u t i o n .  Under t h e  
r e s t r i c t i o n s  d i scussed  above, t h e  most gene ra l  s e l f - c o n s i s t e n t  f i e l d  
equa t ion  d e s c r i b i n g  t h e  e v o l u t i o n  of t h e  s i n g l e t  d i s t r i b u t i o n  
f u n c t i o n  i s  t h e  non-l inear  Vlassov equat ion,  and i t  i s  our next  
t a s k  t o  prove t h a t  t h i s  e q u a t i o n  fol lows from a summation of t h e  
p e r t u r b a t i o n  expansion. 
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L e t  u s  t u r n  now t o  t h e  r e s u l t s  of our l i m i t  procedure.  We may 
write t h e  s o l u t i o n  f o r  an s-order d i s t r i b u t i o n  f u n c t i o n  i n  t h e  
fol lowing compact form: 
where the  sum over p i s  the expansion of t he  r e c i p r o c a l  k e r n e l  i n  
powers of t h e  coupl ing parameter, and connects p a r t i c l e  s ta tes  
dl ,.,, dg a t  t i m e  
i t e r a t e s ,  i n  t u r n  are defined by t h e  fol lowing:  
t '  wi th  s t a t e s  d,2,,,dsJt ,,,,, a p  a t  t = 0. The k e r n e l  
(11-a) 
(11-b) 
The q u a n t i t y  u [d,,..,aS;l,/d,,..>c4 j ,++ppea r ing  f ,  ) i n  t h e  l a t te r  equa t ion  i s  
de f ined  as 
and may be i n t e r p r e t e d  as the propagat ion of t h e  c l u s t e r  
from t i m e  t" t o  time t and then  i n t e r a c t i o n  of p a r t i c l e  1, 
1 2  
w i t h  t h e  remaining d , , , , , , d ,  
The p r o p e r t i e s  11-a), 11-c) and Eq. 1 2  may be used once i n  Equation 
10 t o  give,  a f t e r  t h e  r e l a b e l l i n g  p - 1 - T  
p a r t i c l e s  as r e a d  from r i g h t  t o  l e f t .  
! 
( s j  where f, i s  the unperturbed d i s t r i b u t i o n  f u n c t i o n  obtained by 
i n t e g r a t i n g  t h e  s - p a r t i c l e  Green's f u n c t i o n  m u l t i p l i e d  by t h e  i n i t i a l  
d i s t r i b u t i o n .  In  the  above equat ion,  t h e  q u a n t i t y  i n  t h e  b races  i s  
j u s t  
p e r t u r b a t i o n  expansion r e t a i n s  t h e  BBGKY h i e r a r c h y .  This  r e s u l t  i s  
c o n s i s t e n t  w i th  t h e  time r e v e r s i b i l i t y  of t h e  plasma d e s c r i p t i o n .  
f('+l) from E q .  10. Thus we have shown t h a t  t h e  cho ice  of 
We s h a l l  now consider  t h e  p a i r  of equa t ions  f o r  t h e  s i n g l e t  and 
p a i r  d i s t r i b u t i o n  f u n c t i o n s  as fo l lows :  
and 
1 3  
A s  s t ands ,  t h i s  se t  of equat ions i s  not c l o s e d ;  bu t  becomes so  i f  an 
a d d i t i o n a l  argument on the  form of  t he  i n i t i a l  d i s t r i b u t i o n  func t ion  
i s  made. By analogy wi th  an equ i l ib r ium c l u s t e r  expansion, f ,f f 3 )  
may be expanded i n  powers of f a s  fo l lows :  
Higher terms r e p r e s e n t  a l l  poss ib l e  p a t t e r n s  of t h r e e ,  four ,  e t c . ,  
p a r t i c l e  c o r r e l a t i o n s .  Thus t o  lowest order  i n  t h e  coupl ing parameter ;  
k=0 
The r e j e c t i o n  of terms involving c o r r e l a t i o n s  i s  c o n s i s t e n t  w i th  our 
assumption t h a t  
t h e  time s c a l e ,  number d e n s i t y  and temperature of t h e  plasma as 
desc r ibed  above. 
i s  a "small" parameter which i n  t u r n ,  res ts  upon 1 
Now from Eqs. 15 and E q .  1 7 ,  we may prove t h a t  f o r  t h e  choice 
o f  t h e  p e r t u r b a t i o n  series v a l i d  f o r  t i m e s  s h o r t  w i th  r e s p e c t  t o  
hydrodynamic t imes,  t h e  p a i r  d i s t r i b u t i o n  f u n c t i o n  f a c t o r s  i f  t h e  
i n i t i a l  d i s t r i b u t i o n  f u n c t i o n  i s  a product o f  s i n g l e t  f u n c t i o n s .  
Eq. 15 may be w r i t t e n  i n  terms of t h e  U o p e r a t o r s  e x p l i c i t l y ,  but  





We i n d i c a t e  t h i s  grouping by t h e  l e t te r  W and a l s o  d e f i n e :  
where : 
and f ( l )  i s  given by: 
0 
We now show t h a t  W o p e r a t i n g  on the  product  of 
t h e i r  f a c t o r i z a t i o n .  
f ( ' ) ' s  p r e s e r v e s  
To begin wi th ,  w e  observe t h a t  E q .  18 g ives  f ( 2 )  as a l i m i t  
i n  M where t h e  l a t t e r  i n d i c a t e s  the t o t a l  number of s c a t t e r i n g  
even t s  (maximum power of 1 
g iv ing  r i s e  t o  
even t s  take p l ace .  E q .  19 i s  t h e  s p e c i a l  case of a d i s t r i b u t i o n  
f u n c t i o n  unmodified by coulomb s c a t t e r i n g ,  and may be gene ra l i zed  
i n  d e f i n i t i o n  i n  t h e  fo l lowing  way: I f  m i s  an i n t e g e r  g i v i n g  
t h e  t o t a l  number of  s c a t t e r i n g  even t s  among p a r t i c l e  OC S p r o g e n i t o r s  
( inc lud ing  the i n t e r a c t i o n  e x p l i c i t l y  shown), t hen :  
) among t h e  p rogen i to r  (dummy) p a r t i c l e s  
f (2) and does n o t  depend on t h e  o rde r  i n  which t h e s e  
) 
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The sum w i t h  t h e  cons t an t  weight of l / m  i n  the  d e f i n i t i o n  g ives  each 
way of forming f 
c o n t r i b u t i o n .  
('1 from the  previous m - 1  i n t e r a c t i o n s  an equa l  
(m) 
This  expres s ion  i s  a n a t u r a l  ex tens ion  of Eq. 19 i n  
l i g h t  of t h e  independence of t h e  l i m i t  M on t h e  p a r t i c u l a r  sequence 
of i n t e r a c t i o n s  g iv ing  r i s e  t o  f ( * ) .  Since t h e  i n t e g e r  m counts  
t he  number of coulomb i n t e r a c t i o n s ,  i t  i s  t h e  power of f t h a t  appears  
i n  t h e  i n f i n i t e  series expansion of  f (1). . 
The proof of t h e  theorem then  c o n s i s t s  i n  showing t h a t  
i n  a product  of two such s e r i e s .  
f ( * )  f a c t o r s  
Consider t h e  term i n  Eq. 18 f o r  q = p. From r i g h t  t o  l e f t ,  t h e  
l a s t  W o p e r a t i n g  on t h e  product of i n i t i a l  d i s t r i b u t i o n  f u n c t i o n s  i s :  
w r i t t e n  ou t  i n  f u l l ,  t h i s  t e r m  becomes: 
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Thus w e  see t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  remains f a c t o r e d  under t h e  
o p e r a t i o n  of  W. By employing t h e  d e f i n i t i o n ,  E q .  20, w e  may r e p e a t  
t h e  ope ra t ion  r t i m e s  t o  g ive :  
where t h e  qi iant i ty  
such t h a t  i n  each t e r m  t h e  sum (1) i s  t h e  sum of  a l l  products  of f 
of  s u b s c r i p t s  equa l s  r .  S ince  r i s  a r b i t r a r y ,  w e  may t ake  
r = p t o  g ive  the  f i n a l  r e s u l t :  
Therefore  E q .  18 may be w r i t t e n :  
o r  
1 7  
and t h e  theorem i s  proved. Although w e  do no t  use t h e  f a c t ,  i t  may a l s o  
be shown t h a t  t h i s  theorem, along wi th  t h e  gene ra l  BBGKY equat ion,  
Eq. 13, shows t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  t o  any o rde r  i s  f a c t o r e d  
f o r  a l l  t i m e s  i n  which t h e  t reatment  i s  v a l i d .  
2 .  An Approximate S o l u t i o n  of the Non-linear Vlassov Equation. 
The Vlassov equa t ion  follows upon i n s e r t i n g  t h e  f a c t o r e d  f (2) 
i n t o  t h e  f i r s t  BBGKY equat ion,  Eq. 14, t o  g ive :  
The s o l u t i o n  of t h i s  equat ion i s  obtained formally by summing t h e  
series,  Eq. 21, w i th  a l l  t h e  i t e r a t e s  e x p l i c i t l y  w r i t t e n .  However, 
t h e r e  i s  no known way of r e p r e s e n t i n g  t h i s  s e r i e s  i n  c losed  form. 
Therefore ,  t h e  Vlassov equa t ion  i s  u s u a l l y  l i n e a r i z e d  i n  f by 
r e p l a c i n g  
by 
magnitude and i s  normalized t o  un i ty .  The r e s u l t i n g  l i n e a r i z e d  
equa t ion  
f(') ( d , t ' )  i n  t h e  i n t e g r a l  on t h e  r . h . s .  of Eq. 23  
nlp(b>, where Y(f4) i s  an a r b i t r a r y  func t ion  of t h e  v e l o c i t y  
5 has  been s t u d i e d  e x t e n s i v e l y .  
The l i n e a r i z e d  Vlassov equat ion may be ob ta ined  l e s s  a r b i t r a r i l y  
by l i n e a r i z i n g  t h e  r e c u r s i o n  r e l a t i o n ,  Eq .  20. I f  w e  suppose t h a t  
t h e  plasma i s  n e a r l y  s p a c i a l l y  homogeneous, w e  may write 
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where 'U,,,($,%t) i s  a " s m a l l "  q u a n t i t y .  
second order  i n  u on t h e  r i g h t  of Eq. 20, w e  may d e f i n e  f 
by t h e  r e c u r s  i o n  
Then i f  w e  omit t e r m s  of  
t- b) 
(MI 
But t h i s  equat ion  i s  j u s t  t h e  i t e r a t e d  form of  Eq. 25, and i t  i s  
c l e a r  t he re fo re ,  t ha t  the sum 
i s  t h e  s o l u t i o n  t o  t h e  l i n e a r  Vlassov equat ion .  
As a second approximation t o  t h e  s o l u t i o n  of t h e  f u l l  Vlassov 
equa t ion  ( regard ing  t h e  l i n e a r  equa t ion  as t h e  f i r s t ) ,  i t  i s  sugges t ive  
t o  r e p l a c e  t h e  r e c u r s i o n  for  f (1) , E q .  20, by i t s  l i n e a r i z e d  r e l a t ive ,  
(m) 
Eq. 26. The proof  o f  t h e  f a c t o r i z a t i o n  proceeds as before ,  and we 
f i n d  t h a t  the p a i r  of equat ions  
and 
g ive  t h e  new r e s u l t .  
on t h e  s o l u t i o n  o f  t h e  f i r s t ,  t h e  s e t  i s  uncoupled i f  so lved  i n  o rde r .  
S ince  t h e  second equa t ion  i s  e x p l i c i t l y  dependent 
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There i s  one a d d i t i o n a l  d i f f i c u l t y  t h a t  p reven t s  a s o l u t i o n  of 
the p a i r  of equat ions given above by s t anda rd  methods; namely, t h e  
presence of t he  time dependent e l e c t r i c  f i e l d  i n  the  Green's f u n c t i o n .  
However, i f  we  assume the  inc iden t  f i e l d  frequency t o  be higher  t han  
t h e  plasma frequency, we may average t h e  motion o f  t h e  e l e c t r o n s  over 
a p e r i o d  of t h e  former, and recover a Green's f u n c t i o n  i n  t r a c t a b l e  
form. 
for  a harmonic e x t e r n a l  e l e c t r i c  f i e l d  may be w r i t t e n ;  
From Appendix A, w e  f i n d  t h a t  the average Green 's  f u n c t i o n  
(29) 
where (+do i s  t h e  frequency of t h e  i n c i d e n t  f i e l d ,  and Jo i s  t h e  
z e r o  o rde r  Bessel  func t ion .  Since w e  a l s o  have assumed t h a t  t h e  
i n c i d e n t  f i e l d  i s  s p a c i a l l p  homogeneous a t  t h e  o u t s e t ,  w e  are 
l i m i t e d  t o  a frequency range of a decade or so  beginning a t  t h e  
plasma frequency. Th i s  r e s t r i c t i o n  i n s u r e s  t h a t ,  for  t h e  most 
p a r t ,  t h e  s c a l e  l eng th  of plasma d i s t u r b a n c e s  a r e  s m a l l  w i t h  r e s p e c t  
t o  t h e  wavelength of t h e  e l e c t r i c  f i e l d .  
The f i n a l  approximation i n  s o l v i n g  t h e  p a i r  of equa t ions ,  
Eqs. 27, and 28, i s  t o  r e p l a c e  the Green 's  f u n c t i o n s  by t h e  average 
e x p r e s s i o n  given above. The s e t  of equa t ions  t h e n  becomes; 
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and 
We may t u r n  t o  a Fourier-Laplace a n a l y s i s  of  t h e  above. 
3. Development of a General ized D i e l e c t r i c  Funct ion.  
The l i n e a r  i n t e g r a l  equat ion  f o r  7") i s  of t h e  V o l t e r r a  
type i n  t h e  t i m e  v a r i a b l e  ( a  consequence of c a u s a l i t y ) ,  and because 
i t  i s  an  inhomogeneous equat ion ,  possesses  a unique s o l u t i o n  f o r  each 
va lue  o f  the  parameter [ K I F ) .  
i n  t i m e ,  the Laplace t ransform o f  Eq. 30 i s  a s imple a l g e b r a i c  
expres s ion  i n  t h e  Laplace v a r i a b l e .  I n  Appendix A ,  i t  i s  a l s o  shown 
t h a t  t h e  Fourier  t ransform of  t h e  averaged Green 's  func t ion  i s  
S ince  t h e  equa t ion  i s  a convolu t ion  
d iagonal  i n  t h e  r e c i p r o c a l  coord ina te  v e c t o r ,  and i s  a l s o  d iagonal  
i n  t h e  v e l o c i t i e s ;  t h e  l a t t e r  as a r e s u l t  of t h e  averaging  procedure.  
Therefore ,  i t  Eq. 30 were i n t e g r a t e d  over t h e  v e l o c i t i e s ,  and a 
Fourier-Laplace t ransform taken,  t h e  r e s u l t a n t  expres s ion  could  be 
so lved  a l g e b r a i c a l l y .  However , t h e  f u l l  d i s t r i b u t i o n  f u n c t i o n  and 
no t  simply i t s  f i r s t  moment i s  r e q u i r e d  f o r  t h e  s o l u t i o n  of  Eq. 31. 
Thus a s o l u t i o n  by i t e r a t i o n  i s  d e s i r a b l e .  
The Fourier  -Laplace t ransform of Eq. 30 i s  : 
2 1  
We s h a l l  look f o r  t h e  s o l u t i o n  t o  t h i s  equa t ion  i n  the form of a 
power s e r i e s  i n  t h e  plasma frequency: 
by: where of i s  r e l a t e d  t o  
The c o e f f i c i e n t s  of v a r i o u s  powers of t h e  plasma frequency i n  t h e  
above sum are given by t h e  Fourier-Laplace t r ans fo rm of t h e  l i n e a r i z e d  
r e c u r s i o n  r e l a t i o n ,  Eq. 26 (without t h e  n ) ;  
Because of t h e  simple v e l o c i t y  dependence of t h e  r i g h t  s i d e  of t h i s  
equa t ion ,  t h e  i n d i c a t e d  r e c u r s i o n  may be w r i t t e n  e x p l i c i t l y  wi th  t h e  
a i d  of  t h e  fo l lowing  d e f i n i t i o n :  
The r e s u l t  i s  
V 
But t h e  sum i s  j u s t  a geometric s e r i e s ,  and t h e r e f o r e  may be summed 
e x p l i c i t l y  t o  g ive :  
where Wo(kip) 
exis t  i f  t h e r e  were no coulomb i n t e r a c t i o n s :  
i s  t h e  number d e n s i t y  ( i n  k,p space)  t h a t  would 
WO&) pl-  /dl f? ( le,  d, p l  
and D l k , p ,  k*g ]  i s  t h e  func t ion  
If Eq. 35 i s  i n t e g r a t e d  over v e i o c i t i e s ,  an equa t ion  f o r  t h e  per turbed  
number d e n s i t y  r e s u l t s :  
Therefore  the  func t ion  5> 
(and i s  one i n  t h e  l i n e a r  theory)  by "dressing" t h e  f r e e  p a r t i c l e  
number d e n s i t y  w i t h  t h e  g l o b a l  i n f luence  of  t h e  plasma as a whole. 
(A p o l a r i z a t i o n  e f f e c t ) .  
p l ays  the  r o l e  of a d i e l e c t r i c  f u n c t i o n  
The i n t e g r a l  express ion ,  Eq. 31, may be s i m p l i f i e d  somewhat i f  
and a c o r r e c t i o n  t e r m ,  f (I)* f ' l )  i s  considered t o  be t h e  sum of 7") 
F u r t h e r ,  l e t  us  r e w r i t e  Eq. 35 w i t h  ?:') w r i t t e n  e x p l i c i t l y ;  
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where .& i s  t h e  Fourier-Laplace t r ans fo rm of t h e  average Green's 
f u n c t i o n  ; 
a known func t ion .  We now consider t h e  Fourier-Laplace t r ans fo rm of  
Eq. 31. Let Eq. 39 be s u b s t i t u t e d  f o r  t h e  t ransform of f ( a , t )  
hr 
t h a t  appears  on t h e  r i g h t  i n  the transformed equat ion,  and a l s o  
(1) 
r e p  l a c e  f( ') by f yf"'* on t h e  l e f t .  I f  t h e  i n d i c a t e d  m u l t i -  
W) 
p l i c a t i o n s  and i n t e g r a t i o n s  a r e  c a r r i e d  out ,  t h e  equa t ion  f o r  /? , 
Eq. 32, i s  recovered,  and t h e  remainder g ives  an expres s ion  f o r  f (I>* , .
I n  order  t o  o b t a i n  an  expression t h a t  pe rmi t s  comparison wi th  Eq. 37, 
we i n t e g r a t e  Eq. 40 over x. Let t h i s  q u a n t i t y  be added t o  a s imi l a r  
i n t e g r a t i o n  of Eq. 39. Then the f i n a l  r e s u l t  may be w r i t t e n  as :  
z 
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where 8-l i s  a gene ra l i zed  d i e l e c t r i c  func t ion ;  
This  q u a n t i t y  i s  t h e  sum of t h e  l i n e a r  t heo ry  d i e l e c t r i c  func t ion  
g iven  by E q .  36, and a c o r r e c t i o n  t e r m  of  order  IF . The c o r r e c t i o n  
t e r m  i s  simply second order  mod i f i ca t ion  of  t h e  charge number d e n s i t y  
a r i s i n g  from t h e  Coulomb i n t e r a c t i o n  based upon t h e  pe r tu rbed  charge 
d e n s i t y  given by t h e  f i r s t  t e r m ,  and a p re sc r ibed  i n i t i a l  inhomogeneity, 
u . The i n t e g r a l s  over t h e  dummy v a r i a b l e s  fo l low from t h e  form 
of  t h e  non-l inear  Vlassov equat ion ,  o r ,  i n  o t h e r  words, t h e r e  are  no 
non-tr  i v i a l  s t a t i o n a r y ,  homogeneous p e r t u r b a t i o n s  ! Therefore ,  of 
n e c e s s i t y ,  t he  convo lu t iona l  r e l a t i o n s h i p  i n  space- t ime between t h e  
displacement and e l e c t r i c  f i e l d s  which would be g iven  by t h e  f i r s t  
t e r m  of Eq. 42, a lone ,  i s  des t royed  i n  second o r d e r .  The i n c l u s i o n  
of  t h e  c o r r e c t i o n  t e r m  i n  any subsequent s c a t t e r i n g  problem, would, 
i n  p r i n c i p l e ,  g ive  harmonic and sideband g e n e r a t i o n  i n  some 
0 
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approximation, or  i f  t he  f i r s t  term i n  t h e  b races  i s  d i sca rded ,  t h e  
remaining one may be used t o  base a d i s c u s s i o n  of i n s t a b i l i t y  growth 
r a t e s  p e r t i n e n t  t o  many plasma conf igu ra t ions  today. 
Three main p o i n t s  a r e  discussed i n  t h e  p r e s e n t  work. The f i r s t  
of t hese  i s  t h a t  t h e  Vlassov equat ion i s  t h e  most g e n e r a l  d e s c r i p t i o n  
o f  plasma phenomena whose frequency spectrum encompasses t h e  plasma 
frequency. Lower frequency (longer t i m e )  e f f e c t s  a r e  r e j e c t e d  both 
i n  t h e  choice of p e r t u r b a t i o n  s e r i e s  and i n  t h e  assumption of a 
completely f a c t o r e d  i n i t i a l  d i s t r i b u t i o n  f u n c t i o n .  The theorem, 
which i s  t h e  core of t h i s  d e r i v a t i o n ,  shows t h a t  t h i s  f a c t o r i z a t i o n  
p e r s i s t s  i n  d i s t r i b u t i o n  funct ions of a l l  o r d e r s  a t  t he  c u r r e n t  t i m e .  
Thus the  f u l l  Vlassov equa t ion  follows from t h e  f i r s t  member of t he  
BBGKY h i e ra rchy .  
The second p o i n t  i s  the  advantage of d e a l i n g  wi th  Green's 
f u n c t i o n s  i n s t e a d  of s t reaming ope ra to r s  when e x t e r n a l  f i e l d  e f f e c t s  
are included.  It i s  t h e  choice of a r e p r e s e n t a t i o n  of t he  s t reaming 
Green's f u n c t i o n  which permit ted t h e  ave rag ing  procedure (correspondent 
t o  a random phase approximation) over a p e r i o d  of t h e  i n c i d e n t  f i e l d  
as shown i n  Appendix A. 
f u n c t i o n  may no longer be an exact " r ec ip roca l "  of t he  s t reaming 
o p e r a t o r ,  la ter  s o l u t i o n s  of the equa t ions  do n o t  r e q u i r e  t h i s  f a c t ,  
and t h e r e f o r e  an expres s ion  for a plasma d i e l e c t r i c  func t ion ,  
a n i s o t r o p i c  i n  t h e  e x t e r n a l  f i e l d  d i r e c t i o n ,  may be de r ived .  
While it i s  t r u e  t h a t  t he  averaged Green's 
L a s t l y ,  t h e  approximate s o l u t i o n  t o  t h e  non- l inea r  Vlassov 
equa t ion  g i v e s  a gene ra l i zed  d i e l e c t r i c  f u n c t i o n  f o r  t h e  plasma 
which shows t h a t  t he  r e l a t i o n  between e l e c t r i c  and displacement f i e l d s  
. 
26 
i n  a plasma are no longer completely convo lu t iona l  i n  space- t ime.  
The two terms t h a t  modify t h i s  behaviour d e s c r i b e  a second p e r t u r b a t i o n  
of  t h e  a l r eady  per turbed  e l e c t r o n  d e n s i t y  ( a s  de r ived  i n  t h e  l i n e a r  
t heo ry ) ,  and a p e r t u r b a t i o n  o f  t h e  i n i t i a l  inhomogeniety i n  t h e  
e l e c t r o n  d i s t r i b u t i o n .  Thus, subsequent c a l c u l a t i o n s  based upon 
t h i s  genera l ized  d i e l e c t r i c  func t ion  might d e s c r i b e  bo th  e l e c t r i c a l  
non- l inear  e f f e c t s  such a s  side-band and harmonic gene ra t ion ,  and 
i n s t a b i l i t y  growth i n  a p l a s m .  
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APPENDIX A 
L e t  u s  consider  an assembly of e l e c t r o n s  moving f r e e l y  i n  t h e  
i n f l u e n c e  of an  e x t e r n a l ,  s inuso ida l ,  homogeneous, e lec t r ic  f i e l d ,  
b u t  no t  i n t e r a c t i n g  wi th  each o the r .  For c l a s s i c a l  e l e c t r o n s ,  t h e  
e q u a t i o n  of motion i s :  
For t h i s  s p e c i f i c a t i o n  of t h e  f i e l d ,  t he  o n e - p a r t i c l e  Green's 
which d e s c r i b e s  
a t  t i m e  t '  t o  t h e  s t a t e  ( 5 , ~ )  a t  t i m e  t .  
t h e  e v o l u t i o n  of t h e  e l e c t r o n  from t h e  s t a t e  (x',~') 
Unfortunately,  t h e  p a t h  coupl ing t h e  e l e c t r o n ' s  i n i t i a l  and 
f i n a l  s t a t e  depends on t h e  phase of t h e  e x t e r n a l  e l e c t r i c  f i e l d ,  
and t h u s  g depends on t h e  o r i g i n  of t ime. This  e f f e c t  i s  important ,  
however, on ly  f o r  t h e  e l e c t r o n  motion i n  a time i n t e r v a l  comparable 
t o  t h e  pe r iod  of t h e  e x t e r n a l  f i e l d .  Therefore ,  a f t e r  f i n d i n g  an 
a p p r o p r i a t e  r e p r e s e n t a t i o n  f o r  t he  Green's func t ion ,  we may average 
i t  over a p e r i o d  o f  t h e  e x t e r n a l  f i e l d ,  and use t h i s  r e s u l t  i n  our 
subsequent development. Such an average corresponds t o  a "random 
phase" approximation i n  t h a t  the averaged Green's f u n c t i o n  d e s c r i b e s  
t h e  motion of a t y p i c a l  e l e c t r o n  picked a t  random from t h e  assembly 
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of e l e c t r o n s  whose i n i t i a l  phases a r e  a r b i t r a r y .  The information l o s s ,  
embodied i n  t h i s  assumption, i s  r easonab le ,  provided t h e  k i n e t i c  theory 
i s  no t  c a l l e d  upon t o  d e s c r i b e  phenomena c l o s e  t o  t h e  e x t e r n a l  f i e l d  
frequency. P .  I n  p a r t i c u l a r ,  we s h a l l  assume bo )Lc)  
Now the Four i e r  t ransform of Eq. A 2  i s  given by: 
where i t  i s  s een  t h a t  g i s  diagonal  only i n  t h e  r e c i p r o c a l  
l eng th ,  &. 
t o  t h e  s e t  T ,  7 , def ined  by: 
Let us change t h e  time v a r i a b l e s  from t h e  s e t  t , t '  
and 
From t h e  previous equa t ion  we then have; 
The complex exponen t i a l s  of t he  t r i gonomet r i c  f u n c t i o n s  may be 




Thus E q .  A4 may be w r i t t e n :  
uo 
The average over T i s  def ined by: 
Now on t h e  o the r  hand, we  have t h e  sum r u l e  f o r  Bessel  f u n c t i o n s ;  
From E q .  A7, we s e e  t h a t  i s  even i n  1 , and thus o n l y & s f l l h  
c o n t r i b u t e s  t o  t h e  sum. Therefore,  w i t h  t h e  sum r u l e  j u s t  given, 
we may write g as;  
g 
The argument of t h e  Bessel  func t ion  may be s i m p l i f i e d  by n o t i n g  
t h a t  f o r  l a r g e  
does no t  r e p r e s e n t  t h e  c o r r e c t  behavior f o r  small  
no a d d i t i o n a l  e r r o r  by neg lec t ing  a l l  b u t  t h e  f i r s t  t e r m .  We may 
, t h e  f i r s t  t e r m  dominates. S ince  t h e  average 





w r i t e  t he  Green's f u n c t i o n  a s :  
For our purposes, a more u s e f u l  r e p r e s e n t a t i o n  i s  obtained by 
transforming back t o  v e l o c i t y  space.  
and i t s  time Laplace t ransform i s :  
The r e s u l t  of t h i s  o p e r a t i o n  
and 
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